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1. Introduction

The rim-type flywheel is made out of three parts:

hub, with eventual keyslot or taper lock to hold the
flywheel on the shaft

1 outer rim of large section, thus concentrating the mass
, thus concentrating the mass 1 outer rim of large section

er for maximum inertia with at the largest diamet

minimum weight

the two previous parts. intermediate disk joining

an

pe dasted or ot welded cons- The rim-type flywheel may

truction.




2.

Theory

2.1, Assumptions

The dimensions and other parameters are given on figure 2.
For calculation purposes, the flywheel is separated into
three partial disks (or rims), which are linked together

through following boundary conditions:

a) radial forces are balanced

b) peripheral elongations are identical

No axial stress is considered in the calculation; that means
the flywheel has a two dimensional configuration with tan-

gential and radial stresses and strains.

A uniform longitudinal stress distribution is assumed. This
may not be exactly true for the rim and the hub, if these
are long and thin compared to the disk thickness, which in-
duces then a fairly concentrated load (like a reinforcing

ring on a cylindric pipe under pressure).

Notations:

R.. = radius of element (i) at boundary (j)

B. = width of element (i)

a] ')-‘
M
.
|

radial stress of element (i) at boundary (j)

Q

tangential stress of element (i) at boundary (j)

™
(u
|

1]
ij = (7;ij X Bi = radial force acting at boundary (j) of
element (i)

™
|

tangential elongation of element (i) at boundary (j)



2.2. General stress formulae

The stresses in a rotating disk or ring of uniform thick-

ness are given by following general formulae:

Radial stress

€. 2
~QJ
Or = —E——z[cl-(uv) - cz(l-y).lzJ - (3+)r?
1-v r 8
Tangential stress
E 1 ‘w2 2
Ut = == | Ci(1+y) + C (1-V) =, | - —— - (1+3)r
2 1 2 2
1-y r 8
C1 and C2 are integration constants depending of the

boundary conditions.

E 14V " E 1-V
If X =C, 5= - Y = Cyzg—- —=
1 52 1-V2 2 €2 1‘V2
U = g—’é\—] V = 1+3V
8
The equations reduce to:
G; 1 2
=X -Y =, -Ur 2.2.1
?t—2=X+Yl2—Vr2 (2.2.2)
gy r

X, Y being the new integration constants

U, V constants

Units: X (m2) L
Y (n*)
Sw? (n/n*)
O /m?)
U, v (=)
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3.

Boundary conditions

If we examine the boundary conditions between two contiguous

elements (i) and (j) = (i+l), we find following relations:

Radial force balance:

F..:O B. F..=“O-;'..'B.

ij Fij70i R ii i
and F.. + F.,. =20
(7}3 J3
th r..-B. =r..-B.
e i34 O‘JJ j
Tangential elongation identity: éstij = etjj

the Hooks law states:
Ec-k =0t —V‘O:

with E = elasticity modulus Y = Poisson's coefficiant

11

2,1 101! N/m?

0,3 for steel

equalizing the elongations at the common boundary of element

(i) and (j) = (i+l1) gives
D_tij '\"'Urij =o—tjj “Y'C;Jj

The equations (2.2.1) and (2.2.2) are used to calculate the
integration constants Xi and Yi of the element (i), Xj and

Yj of element (j) = (i+l).

Grouping the equations of all the elements produces a linear
system, out of which the integration constants, thus the

stress formulae, may be computed.

As example, a flywheel made out of 3 elements (hub - disk -

rim) will be examined more accurately.



The shaft or a taperlock induces a radial pressure Py

on the hub

1 2 1
(7} = - P thus X7 - Yy-== - URT] = - ——=
11 1 1 1 R2 1 g?wz
1
P
1 2 1
or Xy - —-Y, = UR, -
1 erz 1 1 8§ w2
Boundary (2)_-_Hub_/_disk ¢
Force balance:
O~f12 By =Vf22 B,
B (x - v i _nr?2y R oex - v 1o D ome2y _ g , )
By (X Y1R—2 - URy) - By(X,
2
or
B B
) 1 _2
. ByXy - =¥ - By-Xy + =
K5 K
Tangential elongation:
Lz yAya " 12 Mg 127 - 77 w77 _—
= - = kl + 1 '1—2 - vR% —);[}\1 -
Ry
_ I w? vl -
=X, + Y, " VR V[xz
2
1+V
0 (I_V)'Xl + 2 Y- (1=
2




as for boundary (2), we obtain:

B2 B3 2
B2X2 - _2- Yl - BBX_S + '—2 Y3 = (BZ_BB)'URB
R R
3 3
% and
J 1+V
(1-V)X, + By, - (1= y)x4 - Gy = 0

) 2
¢ R 3

No radial force or pressure is assumed acting on the outer

5 diSSuumeud alillilyg vl Luc vuicl NO radial rorce oOr pressure 1
surface of the rim:
t I G_; - G
34
1 2
and X3 - Y3 - UR4 =0
; R,
i :
| 1 2
X, - —=-Y, = UR
. 3 ~2 3 4
.4
dary equations or conditions, With the help of these 6 boun
the value of the integration : it is now possible to compute

hn ectrancenec in +tha fluwhaal ! P Aand A ~rallriilaras
H ~nrtes 7
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Computation of the integration constants

The six equations give following linear system:

(1) ag xl+ ajy X, =

(2) a21x1+ aZZx2+ an Xa+ ag X,
(3) aq) x|+ ayp Xo+ 84 Xq+ 84, X, =
(4) a3 x3+ au X4t 849 x5+ a6 Xg =
(5) agy Xg*t ag, X;4t ags Xgt 8gg Xg =
(6) 865 x5+ a% X6 =
with
x,= X1 X o= Yl Xq= X2 X, = Y2 Xg= X3 Xe= Y3
1
ay= 1 et T2
1
- _h i)
2~ P11 %2 T L2 ay= = By 3y v
R
2 2
_ 1 1+V
ay= 1V 2 2 ays —(1-Y) ag= -
2 Ry
- I E1% _ 1+
a1V 8 2 a e (1Y) 2,67 = 75
R
3 3
B B
_ . 2 - )
255 By 8 T T2 %Sy By ag= + 3
R
3 3
a,~ 1 a = - 1
65 66 R2
4
P
b.= URZ - 52 b.= (B.- B,)URZ b= O
1 1 92 2= (By= Bl 37
b,= 0 b = (B.- B.)URZ b = URZ
4 5 2 3 3 6 4



The system may be also represented in matricial form:

B al, 0 0 0 0 %] (b,

371 37 33 a4 0 0 X b,

431 432 433 434 0 0 -1 by

0 0 343 344 345 246 X4 b,

0 0 353 354 a5 a5 X5 bs
; _p 0 0 0 1 a6§‘ _x6- .b6a
»

Computation:

The solution of these simultaneous linear equations may

be obtained manually, for example through a method based
on elimination, or with the help of a computer.

One way is to transform the coefficiant matrix system into

the form:

1 m; 5 0 0 0 0 ] le. 'pl-
0 1,0 m, 3 m, 4 0 0 Xy Py
0 0 1,0 LA 0 0 . X4 Py
{ 0 0 0 1,0 m, s L X, o Py
0 0 0 0 1,0 M e Xg Pg
0 0 0 0 0 1,0~ _XGJ _p6j

mijand P; are the new constants computed through elimination
by substracting one equation from another, multiplyed by a
suitable coefficiant, to obtain coefficiant 1 on the diagonal

of the matrix.
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1.

Application - Evample of calculation

Datas and parameters

A flywheel made according to figure 3.1. will be calculated.

Its characteristics are:

Dimensions:

R1 = 31,5 mm = 0,0315 m B1 = 100 mm = 0,1 m
R2 = 60 mm = 0,060 m B2 = 20 mm = 0,02 m
Ry = 315 mm = 0,315 m By = 56 mm = 0,056m ¢
R4 = 375 mm = 0,375 m
Rotating speed: n = 2860 rpm
W = 300 rad/s

Specific mass § = 7800 kg/m3
Parameter:
Poisson's coefficiant: Yy = 0,3
Stress equations constants:

U = igiﬂ 0,4125

Vo= 1§3V; 0,2375

b= 7,02 108 (N/n™) 0
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3.2. Method and assumptions

The flywheel taken as an example is of welded construction,

; the welding being made at the boundaries hub-disk and disk-

rim.

Using the theoretical relations given in chapter 2, three

configurations will be computed, and their results compared:

complete homogeneous flywheel (hub+disk+rim)
.4.: partial flywheel, including rim and disk, without hub
all three elements (hub, disk, rim) taken separately

Qb as independantly rotating bodies (unbounded)

I~

At that stage, the local influence of the welding as well

as of non-uniform longitudinal stress distribution are not

taken into account.
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3.3. Stresses in the homogeneous rim—type flywheel

Using the formulae given under 2.4. the integration cons-
tants will first be computed out of the linear equations
system. The stresses are then calculated using the formu-

lae given under 2.2.

Constants:

-3
x1= Xl- 29,3436 10
-6
Xo= Y1= 28,710 10
g X 0405 1073
x3= 9= 81,
-6
X, = Y2= -71,5025 10
-3
Xg= X3— 63,9825 10
-3
i x6= Y3= 0,840203 10
2 Yy 2
Radial stress: (7;i =§Qu (Xi— - - Ur©) (2.2.1.)
r
Y.
Tangential stress: o—ti =§>'(A.’2(Xi+ —; - V-r2) (2.2.2.)
r

Resultant stress: Cri =v&7}2 + Cr;?

with (i) nr. of the concerned element of the flywheel.

The stress distributions with the radius are represented

on figure 3.3.

Observation:

The calculation shows that the critical section is at the

boundary hub-disk, the stresses decreasing from that spot

with increasing radius.




B

4%

-12-

Stresses in the partial flywheel disk+rim

The boundary conditions presented for a tree-element
flywheel may be applied also for the two-element system.
The linear system reduces to four equations giving four

integration constants.

These are:

x,= X,= 82,1578 1077
x,= Y,= 290,4217 1073
xy= X;=  66,15386 1073
x,= Yq= 1,14554 1073

The stress distribution, computed with the help of equa-
tions 2.2.1. and 2.2.2., is represented graphically on

figﬁre 3.4,

Observation:

The critical section remains at the inner diameter of the
disk, with increased stress values compared to those found
in the complete flywheel (+407).

These are the maximum possible, after failure or plastic

deformation of the weld bead.

The distribution of stress at larger radii does not show

a spectacular increase of these.
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Stresses in rim, disk and hub considered as independant

elements

The elements rotating independantly from each other may
be calculated with the formulae used for a homogeneous
circular disk with a central hole or by computing the

integration constants of the general equations.

In that case, we obtain:

rim alone: x;= X,= 98,938 1073
-3

xy= Yy= 5,7558 10
disk alone:x = X,= 42,4153 1073
-3

xy= Y,= 0,147349 10

hub ‘alone: x;= X;= 1,8943 10~

Xo= Y1= 1,4735 10
The calculated stress distributions are represented on

figure 3.5.

Observation:

The stress in the rim is the highest, with a similar value
to the one at the critical section of the complete fly-

wheel, that means close to the admissible stress.

Reinforcing the rim with the disk reduces its stress by
more than twice, but transfers the maximum sollicitation

into the latter.
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Discussion

Welding:
The calculations show that the critical section lies at
the boundary between disk and hub, where the two parts

are welded together.

Therefore: the admissible stress adopted should take into

account the quality of the welding which induces:

* local material quality and strength variation

e
~

local stress concentration due to surface ir-

regularities (at junction of weld bead with

element)

* local stress concentration due to partially
welded boundary (remaining gap between the two

weld bead, see figure 3.1.)

Assuming that the welding quality may not be guaranteed and
checked, the flywheel may be designed to be as far as pos-

sible fail safe.
Following way is possible:

* dimension the rim as an independant rotating ring accor-

ding to the admissible stress (see 3.5.)

dimension the rim+disk system so that the stress at the

boundary disk-hub remains admissible (see 3.4.)

check the stress distribution in the whole system, taking

into account a welding and a stress concentration factor
(see 3.3.)

In that way, a failure or a plastic deformation at the wel-

ded boundaries should not lead to the collapse of the whole
flywheel.
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Project 0520 - Flywheel design

Disk-type flywheel - Example of calculation

According to drawing 86 - SP/13 - 16/a

Stress

Formulas for solid homogeneous circular disk of uniform thickness with

a central hole are used. . (
Diameter: D = 1000 mm = 95 mm
Radius: R = 0,50 m R = 0,0475 m %9 = 0,10
Rotation speed assumed: n = 1500 x 1,8 = 2700 rpm
= 283 rad/s

Maximum stress at central hole:

0,8268- S L R?

129 N/mm’

tangential stress = resultant stress: C7t

T

Uy _ 200

Safety factor: s = =

B O‘t 129

with E7; = 240 N/mm2 = yield stress of steel St 37

= 1,86

The disk is not weakened through fixation holes or key slot, so that this Q

stress is admissible. It is assumed that:

the flywheel is well balanced, statically and dynamically *
— the internal residual stresses are relieved

- both faces are machined and are smooth, also at the weld bead of the fixing

ring, with no surface irregularities (no cracks)
- the material is homogeneous and its mechanical properties are guaranteed

— assembly flywheel-shaft without play.

dynamic forces are not only induced by unbalance but also by gyroscopic

effect occuring if the disk is not truly perpendicular to its rotation

axis.
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